Abstract. The effect of boundary conditions on the global dynamics of cellular neural networks (CNNs) is investigated. As a case study one-dimensional template CNNs are considered. It is shown that if the off-diagonal template elements have opposite sign, then the boundary conditions behave as bifurcation parameters and can give rise to a very rich and complex dynamic behavior. In particular they determine the equilibrium point patterns, the transition from stability to instability and the occurrence of several bifurcation phenomena leading to strange and/or chaotic attractors and to the coexistence of several attractors. Then the influence of the number of cells on the global dynamics is studied, with particular reference to the occurrence of hyperchaotic behavior.
Introduction
As far as the dynamic behavior is concerned, cellular neural networks (CNNs) can be divided in two main classes: stable CNNs, in which each trajectory (with at most the exception of a set of measure zero) converges to an equilibrium point and unstable CNNs which possess at least one attractor that is not a stable equilibrium point. Stable CNNs have been mainly exploited in image processing applications, that require the convergence to a stationary equilibrium point. CNN stability has been studied in several papers. Complete stability (i.e. convergence to a constant equilibrium point from each initial condition) was proved for symmetric templates in [1] and [2] , for acyclic templates in [3] and for a class of non-symmetric templates in [4, 5] . Stability almost everywhere was proved for positive cell linking templates in [6] and for a class of sign-symmetric templates in [2] . CNNs described by one-dimensional (1D) opposite sign template were investigated in [7] and [8] where some conditions for complete stability were given. In [9, 10] the global dynamic behavior of 1D template CNNs was studied by introducing the useful concepts of local diffusion [9] and global propagation [10] . In addition some theorems on the number of stable equilibrium points were proved in [9] .
The class of unstable CNNs received less attention. Oscillating behavior was firstly investigated in opposite sign template CNNs [6, 7] . Further examples of CNNs exhibiting limit cycles were shown in [10] - [23] . Non-periodic complex dynamic behavior has been observed in different CNN models: I) non-autonomous two-cell systems [24] ; II) autonomous three cell CNNs described by space-variant templates [12] ; III) autonomous fully connected three cell networks [23] ; IV) delayed CNNs [25] ; V) state controlled CNNs [14] ; VI) autonomous space-invariant CNNs, composed by at least 3 x 3 cells [11, 13] ; VII) 1D and 2D CNNs, with constant external inputs [26] .
Effect of boundary conditions
Most of the theoretical investigations on CNN dynamics, with the exception of some general stability results, focused on the influence of template parameters. In [27] it was shown that spatial boundary conditions have a significant impact on CNN dynamics. In particular there exists a subclass of CNNs, whose stability depends on the boundary conditions. In [27] the author presented an example of a CNN with opposite sign template of the form [s p -s] that is stable if the boundary conditions are ±1 and unstable with zero boundary conditions.
On the other hand, it is known that 1D CNNs described by the opposite sign template [s p -s], with zero input and boundary conditions, do not possess stable equilibrium point if 0<p-1<s and hence are unstable.
In this manuscript we will investigate the effect of boundary conditions on the global dynamic behavior of CNNs. We will show that constant boundary conditions behave as bifurcation parameters and determine the equilibrium point patterns and the transition from stability to instability. They also characterize the type of instability, in particular the occurrence of periodic, quasi-periodic, non-periodic and/or chaotic behavior.
We consider 1D CNNs, described by either three (A= [s p r]) of five dimensional template (A=[w s p r v]). They can be modeled by the following simplified equation, where the input terms are incorporated into the parameter β.
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where f is a Lipschitz monotonic non linear function, that in most cases admits of the following piecewise linear expression:
For the sake of the completeness we here summarized the main results, concerning these networks.
Theorem 1 [28] If the template elements of equations (1) satisfy the constraints wv ≥ 0 and sr ≥ 0, then the corresponding CNN is completely stable (i.e. all trajectories converge towards an equilibrium point) for any external constant inputs and boundary conditions. Proof : it is derived from Theorem 1 and Theorem 2 of [4] . Theorem 2 [10] Let N be the number of cells of a CNN, described by equation (1), with zero boundary conditions and inputs (i.e. β=0), with w = v = 0, and satisfying p-1<|s-r|, p>1. If N ≥ 3, the number S(N) of stable equilibrium points admits of the following expression: 2N, if max{|r|,|s|} < p-1 < |s-r| 2, if min{|r|,|s|} < p-1 < max{|r|,|s|} 2, if p-1 < max{min(r,s), min(-r, -s)} 0, if p-1 < max{min(-r, s), min(r, -s)} Proof: See [10] .
Theorem 3 [7] If r = -s, β=0 and s>p-1>0, then the CNN described by equation (1), with w = v = 0 has no stable equilibrium point.
Proof: See [7] .
Theorem 4 [7] If r = -s, β=0 and 0 < s<(p-1)/2, then the CNN described by equation (1) with w = v = 0 is completely stable.
In order to analyze the effect of the boundary conditions, we will focus on 1D CNNs, described by equation (1) with w = v = 0, p -1>0, and r = -s, i.e. by the template:
Since p -1 >0, all stable equilibrium point are located in saturation regions (see [1] ) and can be characterized by the output functions y i = f(x i ). For a N cell CNN, they are described by patterns of the type {y 1 , y 2 , …, y k , …, y N-1 , y N }, where y i is either +1 or -1.
We will restrict our attention to the case 0 < p -1 < s, that, in case of zero boundary conditions, implies the absence of stable equilibrium points (see [7] ).
In order to compute all possible stable patterns for a given CNN with arbitrary boundary conditions, the following Definitions and Propositions are useful. Hereafter the left and the right boundary conditions of a Ncell CNN will be denoted by X 0 and X N+1 respectively. The graph defined above allows one to characterize the equilibrium point patterns according to the following Proposition:
Proposition: A 1D CNN composed by N cells, described by template (2), and with generic boundary conditions X 0 and X N+1 admits of an equilibrium point if and only if the graph associated to the network exhibits a path of length N connecting an initial node n i ={I 1 
If such a path exists, the corresponding equilibrium point is described by the following pattern {y 1 , y 2 , …, y k , …, y N-1 ,
Proof: It is readily derived by noting that, according to Definitions 1-3, a sequence of admissible patterns, gives rise to a stable equilibrium point. Fig. 1 shows the associated graph, in case of zero boundary conditions (X 0 = X N+1 = 0), for s > p -1 > 0. It is seen that there exists no path connecting initial and final nodes, which is in agreement with the fact that the network does not exhibit stable equilibrium points (see [7] ). Fig. 2 shows another set of boundary conditions (|X N+1 |<1-(p-1)/s, |X 0 +1|<(p-1)/s); the corresponding admissible path is represented in bold and, according to the Proposition above, gives rise to an equilibrium point pattern of the type {-1, -1, …, -1, …, -1, -1}. Table 1 reports the possible equilibrium point patterns, as a function of the left and of the right boundary conditions, X 0 and X N+1 . They have been derived by constructing the corresponding associate graph for each set of significant boundary conditions. Such patterns can be described as strings of {+1,-1}, that are expressed, according to the following notations: a) the string {a, b} 0 represents the null string; b) the expression {a, b} n denotes a string obtained by repeating n times the symbols a and b, e.g. {a, Table 1 shows that the set of boundary conditions satisfying {|X 0 |<1-(p-1)/s, |X N+1 |<1-(p-1)/s} implies the absence of stable equilibrium points. It is therefore expected that in this parameter region the network is unstable and complex dynamics may occur. For all the other sets of boundary conditions the network exhibits at least one stable equilibrium point. As we will show later, this does not exclude the existence of periodic or complex dynamic behavior. 
Equilibrium point patterns
X N+1 < -(p -1+s) s |X N+1 +1| < p -1 s |X N+1 | < -(p -1)+s s |X N+1 -1| < p -1 s X N+1 > p -1+s s X 0 < -(p -1+s) s -1,{-1} n ,+1,-1,{+1,-1} m ,+1 -1,{-1} n ,+1 -1,{-1} n ,+1,-1,{+1,-1} m ,+1 -1,{-1} n ,+1 -1,{-1} n ,-1 -1,{-1} n ,-1 -1,{-1} n ,+1,{-1,+1} m ,-1 -1,{-1} n ,-1 -1,{-1} n ,+1,{-1,+1} m ,-1 -1,{-1} n ,-1 |X 0 +1| < p -1 s -1,{-1} n ,+1,-1,{+1,-1} m ,+1 +1,-1,{+1,-1} n ,+1 -1,{-1} n ,+1 -1,{-1} n ,+1,{-1,+1} m ,-1 +1,-1,+1,{-1,+1} n ,-1 -1,{-1} n ,-1 -1,{-1} n ,-1 +1,-1,+1,{-1,+1} m ,-1 -1,+1,{-1,+1} n ,-1 +1,-1,+1,{-1,+1} n ,-1 -1,+1,{-1,+1} n ,-1 |X 0 | < -(p -1)+s s -1,+1,-1,{+1,-1} n ,+1 +1,-1,{+1,-1} n ,+1 -1,+1,-1,{+1,-1} n ,+1 +1,-1,{+1,-1} n ,+1 No equilibrium points -1,-1,+1,{-1,+1} n ,-1 -1,{-1}
Complex dynamic behavior in 1D CNNs
In this section we will show that constant boundary conditions may give rise to a complex dynamics, including the occurrence of several bifurcation processes leading to strange and/or chaotic behavior and to the coexistence of non-stationary attractors. The analysis is based on the theoretical results of the previous section and is mainly carried out through numerical simulation and via the computation of the Lyapunov exponents.
Periodic, quasi-periodic and chaotic behavior in 1D CNNs
We consider a 1D CNN, described by the antisymmetric template (2) 
We also assume that the input β is null and that function f(x) can be approximated through a C 1 function f ε (x), that admits of a continuous first order derivative and that is equivalent to the original piecewise linear function when the parameter ε tends to zero [11] . Fig. 3 reports the Lyapunov exponents in the boundary condition parameter space (X 0 , X N+1 ) for a CNN composed by 4 cells. It is seen that the parameter space is divided in three main regions, corresponding to periodic behavior (blue area with one zero Lyapunov exponent), quasi periodic behavior (green area, with two zero Lyapunov exponents) and chaotic behavior (red area, with one positive Lyapunov exponents). The exponents have been computed by exploiting the algorithm described in [29] and the Lyapunov exponent toolbox (LET) for MATLAB developed by S. W. Kam. Fig. 3 also shows the projection onto a 2D plane of some characteristic attractors (periodic, quasi-periodic, chaotic) for a 4 cell CNN, described by template (6) . Fig. 4 shows a bifurcation diagram obtained by selecting in Fig. 3 
Coexistence of attractors in 1D CNNs
We will show that the 4-cell CNN, described by the template (6) exhibits the simultaneous existence of different non-stationary attractors.
As pointed out before, the existence of stable equilibrium points does not necessarily exclude the presence of other types of attractors. As shown in Fig. 16 , we have found the coexistence of equilibrium points, limit cycles and chaotic attractors, for the following boundary condition parameters: 
Effect of the template parameters on the Lyapunov exponents
Figs. 11 and 12 report the Lyapunov exponents in the boundary condition space (X 0 , X N+1 ), obtained by varying the parameters s and p of the template (6). 
Complex dynamics and hyperchaos in higher dimensional CNNs

Conclusions
We have investigated the effect of constant boundary conditions of CNN global dynamic behavior. As a case study we have considered CNNs described by one-dimensional templates. By exploiting the results presented in [4] and [12] , we have proved that if the off-diagonal elements have the same sign, the CNN is completely stable for any external constant inputs and/or boundary conditions. Then we have shown that in a CNN described by an opposite-sign template, the boundary conditions behave as bifurcation parameters and can give rise to a rather complex dynamic behavior. In particular, through the numerical computation of the Lyapunov exponents, we have observed the occurrence of periodic, quasi periodic and chaotic attractors and we have investigated the bifurcation processes that determine the transition from qualitatively different behaviors.
